Tomographic reconstruction of a 3D object in terms of spherical harmonics from a small number of 2D data sets is shown to be possible in cases of objects of high symmetry and/or low shape anisotropy. A test case using an object of cubic symmetry shows that the reconstruction can work well in such high symmetry cases when only two or three data directions are available. Numerical tests suggest that reconstructions are best done from data taken in low symmetry directions.
Introduction
In many fields the data obtained in "imaging" an object consists of a two dimensional (2D) array of points, each of which can be represented by an integral over some type of density associated with the object along a straight line through the object. The 2D arrays can be thought of as projections of the three dimensional (3D) density. In most cases what is desired is knowledge of the 3D density or object itself. The process of reconstructing the 3D density or object from the projections, usually called computer assisted tomography, is therefore, of great interest to many in these fields since it is qenerally the only way to get full 3D information about the object. In some fields such as electrom microscopy 6 and positron annihilation7'8 the problem is made more difficult since it is often experimentally impossible to get more than a few projections of the object. Often, this difficulty is ameliorated by the existence of symmetry in the object, usually in the form of some point group consisting of rotations, inversions, and reflections. This paper addresses the tomography problem under these latter conditions, although the technique presented here can be used in any tomographic situation. The density or object is represented by the scalar function p(p) which maps the point pc IR (the space of 1 the object) to a value p(p) in JR . In this paper, points in the space containing the object will be represented by p's and in the Fourier space will be represented by r's. The Fourier transform of the object p(p) will be written as a (r). This notation is a derivative of that used in positron annihilation where p(p) is the momentum density of the electrons in the object,9 the measurements are made in momentum space p and the Fourier space is (by quantum mechanics) position space (r). But the notation here is consistent in such a way that any 3D tomographic problem can be reformulated in terms of it. The data must be represented as an integral over p(p) along a line. It must remembered that the object will, in general, be rotated with respect to the laboratory frame of reference and this must be taken into account in the formulation of the problem. If R is the rotation matrix from the frame of the object to the lab frame and if p = ( ,n,) is a point in the frame of the object then Rp= (p I P I P ) is the point i x y z in the lab frame. Similarly, the function p(p) can be represented in the lab frame by using an operator R which transforms scalar functions from the object frame to the lab frame. Thus, in the lab frame Rp is the function representing the density or object.
Since p(p) is a scalar function Rp(Rp) = p(p). Now choose the rotation so that the line of integration representing the projection taking place in the experiment is along the z-axis in the lab frame. Then the equation for the data becomes data at point R rottiy) with n R(pXpy) = dpzRp(Rp) (2D case) (1)) rotation RIc where the data nR(px'py) is labeled with R as the superscript to indicate, in a unique way, the orientation of the object when the data was taken. Another common case, given here for completeness, is that in which the measurement produces a projection which can be represented by a double integral over the object P(P):
data for the R 'd point pz with = n (p )=ff dpXdp Rp(Rp) (10 case) (2) the rotation RI where, here, R is the rotation which transforms the normal to the plane of integration in object frame to the z-axis in the lab frame. This is the familiar form of the 3D Radon transform. GR(x,y) = ff dp dp nR(pXp ) ei(px+pyy) (7) Note that H and G are independent of r and only need to be calculated once in each reconstruction. After solving for aQm(r) numerical integration using Eq. (6) will yield p m(p).
In general the use of any reconstruction scheme employing spherical harmonics is limited by the assumption that the object to be reconstructed is "band" limited in angular variation. That is, there is some value of the spherical harmonic index, say Z max above which the p m(p) are either zero or small enough not to affect the quality of the reconstruction. As will be seen in the next section, it is possible in many realistic situations to invert the matrix G for Qa = 40. Density of object is non-zero inside spheres (with weights as shown) and zero elsewhere.
Data was generated to produce two 2D projections: 1) z-axis (integration axis) oriented by the Euler angles a=30°, 3=15°, andy=00, and 2) z-axis oriented by a=10°, 0=40', and Y=00. Another approach to studying the propagation of errors which avoids the above analysis is a Monte Carlo method. That is, one generates errors in the data using a random number generator. The errors are distributed in a log-normal fashion at each point.
The mean is taken to be zero and the standard deviation is the square-root of the number of counts in the the projection as in the usual statistics of image projections. Since the reconstruction operation is linear, one need only reconstruct an "object" from the error data arrays. Doing this for several different error data arrays a picture emerges of the expected error in the reconstruction.
This Monte Carlo procedure was done for the reconstruction of the Model in the previous section assuming 50,000 counts at the origin in the projections. It confirmed the preliminary results obtained in the direct analysis of error propagation: the errors were isotropically distributed in size and fell off rapidly in magnitude as a function of radial distance from the origin. Figure 7 shows an average of 4 Monte Carlo error reconstructions. The figure displays the standard deviation of the error in the reconstruction as a function of radial distance. The units are the same as Fig. 2 and allow a direct comparison. The angular isotropy of the reconstruction error presumably results from the high symmetry of the situation and the choice of the orientation of the data projections (see remarks in the Conclusions).
Conclusions and Remarks
The above model test and other tests done show that the reconstruction of 30 objects from 2D data can be accomplished using spherical harmonics and is especially applicable to cases of high symmetry and/or low object anisotropy. One particularly interesting finding was that the invertibility of the G matrix which is so crucial to the solution of the problem can be done for large Q max values if the original 20 data is taken in planes of lowest symmetry rather than in high symmetry planes. This is apparent in the Table 2 below in which for a cubic system, the Euler angles of z-axis are given along with the largest kmax and Qmax value for which the G matrix can be inverted on a 32 bit computer using double precision arithmetic. The problem now only remains to calculate d gQm(7r/2) as d tQjm(-7r/2) is simply related to it. 23 
